A scheme for spatial multimode quantum memory is developed such that spatial-temporal structure of a weak signal pulse can be stored and recalled via cavity-assisted off-resonant Raman interaction with a strong angular-modulated control field in an extended Λ-type atomic ensemble. It is shown that effective multimode storage is possible when the Raman coherence spatial grating involves wave vectors with different longitudinal components relative to the paraxial signal field. The possibilities of implementing the scheme in the solid-state materials are discussed.
I. INTRODUCTION
Developing optical quantum memories is an important part of quantum optics and quantum information [1] [2] [3] [4] . In particular, storage and retrieval of single photons is expected to be necessary for creating scalable linear-optical quantum computers, realizing longdistance quantum key distribution via quantum repeaters and making deterministic single-photon sources. Memory devices which could store single-photon wave-packets with close to 100% efficiency and fidelity, and provide long and controllable storage times and delay-bandwidth products, are demanded for practical quantum information applications. An efficient storage has been demonstrated recently in gases [5] (87% efficiency) and rareearth-ion-doped solids [6] (69% efficiency) using the gradient echo memory (GEM) technique [7] , which is a variant of controlled reversible inhomogeneous broadening protocol [8, 9] . Significant experimental progress has also been achieved in the framework of other approaches based on atomic frequency comb (AFC) [10] , electromagnetically induced transparency (EIT) [11] , and offresonant Raman interaction [12] . In particular, 43% [13] and 78% [14] were obtained in hot and cold atoms, respectively, using EIT, and 56% was achieved using AFC in a rare-earth doped crystal placed in a cavity [15] , a delay-bandwidth product of 2500 was demonstrated for storage of 300-ps pulses using off-resonant Raman scheme in a warm atomic vapor [16] , and a bandwidth of 5 GHz was achieved via AFC in a doped waveguide [17] .
Storage and retrieval of an optical pulse is usually accomplished by an appropriate amplitude modulation of the control field or by using inhomogeneous broadening of the resonant transitions. In the first case, controlfield modulation should match the input pulse, while in the second case we need to control atomic frequencies or to create artificial atomic structures. In the present work, we develop another approach which requires neither inhomogeneous broadening nor temporal modulation of the control-field amplitude, but resorts to continuous phase-matching control in an extended resonant medium. We consider off-resonant Raman interaction of a single-photon wave packet and a classical control field in a three-level atomic medium. Under such conditions the phase-matching control can be achieved by modulating the refractive index of the resonant medium [18, 19] or by modulating the direction of propagation of the control field [20] . In any case, a continuous change of the wave vector of the control field during the interaction leads to the mapping of a single-photon state into a superposition of atomic collective excitations with different wave vectors (Raman spatial coherence grating) and vice versa.
In comparison with [20] , where the free-space model of quantum memory was considered, here we discuss a cavity model. Enclosing an atomic ensemble in a cavity makes it possible to achieve high efficiency of quantum storage with optically thin materials. This may be especially useful for considered off-resonant Raman interactions, since the cross section of the two-photon transition is usually small. In addition, especially in the case of a transverse control field, reducing linear sizes of the atomic ensemble in a cavity allows one to significantly reduce the power of the control field. On the other hand, compared to [18] , we develop a three-dimensional theory, which allows us to consider storage and retrieval of spatially multimode states containing information not only in the pulse envelope but also in the transverse profile of the field. The spatial multimode storage is crucially important for multiplexing in quantum repeaters [21, 22] , which can significantly increase the rate of quantum communication in possession of short-time quantum storage, and for holographic quantum computers [23] . It was experimentally demonstrated using EIT [24] [25] [26] [27] and GEM [28, 29] . The continuous phase-matching approach developed here is closely related to the quantum holographic storage [30] differing in that control-field angular scanning is used as the only resource for storage and retrieval of a spatial-temporal structure of weak optical pulses.
The paper is organized as follows. In Sec. II, we present the model and derive basic equations describing multimode cavity-assisted off-resonant Raman interaction. In Sec. III, storage and retrieval of multimode single-photon wave packets is considered. In Sec. IV, we discuss the possibility of implementing the scheme in the solid-state materials. Section V concludes the paper with final remarks.
II. THE MODEL AND BASIC EQUATIONS
We consider a system of N ≫ 1 identical three-level atoms which are placed in a single-ended ring cavity and interact with a weak signal field (single-photon wave packet) to be stored and with a strong control field (Fig. 1) . The atoms have a Λ-type level structure, and the fields are Raman resonant to the lowest (spin) transition. We restrict the consideration of the cavity field to a single longitudinal mode. On the other hand, the cavity volume is supposed to have a large Fresnel number, which allows us to consider different transverse modes. In what follows, we assume the cavity to be formed by rectangular mirrors with cross section A = L x L y and use a set of the mode functions
where q p = 2πp/L, p ∈ Z, satisfying the conditions of completeness and orthogonality
Here V = AL is the cavity volume, and L is the total cavity length. The coordinate system originates at the center of the atomic system. The paraxial signal field in the cavity corresponding to a single longitudinal mode is written as
where a mn is the photon annihilation operator for the TEM mn mode, k s = ω s /c = 2π/λ s is the wave vector of a plane wave approximating the TEM 00 mode propagating in the z direction in a cavity section containing the atomic system, ε 0 is the permittivity of free space, and we suppose that the field is linear polarized along, e.g., the x axis. The corresponding input and output fields in the vicinity of the partially transmitting mirror are described in a similar way in an appropriate coordinate system. In this case, the operators a mn (t) should be replaced by a in,out mn (t) differing by a factor of L/c. The propagation of these fields outside the cavity may also be considered in the paraxial approximation, which is beyond the scope of our present work.
The control field is supposed to be a monochromatic plane wave with a rotated wave vector (within a small angle), and its electric field is described as in [20] by (Color online) Geometry (above) and energy diagram (below) illustrating cavity-assisted off-resonant Raman interaction between a strong control field with a wave vector kc(t), a multimode signal field as a superposition the TEMmn cavity modes propagating along the z axis, and a three-level atomic medium. r0 stands for the point where the phase shift of the control field induced by the rotation remains zero,kc corresponds to the average wave vector, and θ0 is the angle betweenkc and the z axis. Mirrors are supposed to be forming a single-ended ring cavity for the signal field and fully transmitting for the control field.
where E 0 is a constant amplitude of the plane wave,k c is an average value of the wave vector k c (t) during the rotation (k c = ω c /c = 2π/λ c ), and φ(r, t) is a phase shift due to the rotation. The latter can be written as
where
is the net change of the wave vector from the moment of time t = t 0 , when k c (t) =k c , to the moment t. In what follows, we assume that t 0 = 0. The point r 0 is referred to as a phase stationary point since the phase shift remains constant there. The product q(t) · r 0 becomes equal to zero in two cases: if r 0 = 0, i.e., when the phase stationary point is located at the center of the sample, and ifk c is directed from the phase stationary point to the center of the sample [k c (t) is rotated within a small angle so that in the first order q(t) ⊥k c ]. Under such conditions, we obtain
The control field is also assumed to be linearly polarized, e.g., along the y axis, and therefore propagated in the (x, z) plane. The atomic ensemble is supposed to fill the cavity in the transverse directions and to have a length L z ≤ L along the cavity axis. Thus the sample can be approximated by a parallelepiped with cross section A and volume V a = AL z . It should be noted that a standingwave cavity can also be described in the present model by adding counterpropagating modes of the signal field. Then the case L z = L simply means a cavity filled by the atoms. The atoms are assumed to be motionless and prepared initially in the state |1 . In addition, we assume that the time of propagation of photons through the system, which may be defined as 3 
√
V /c, is negligibly short compared to the evolution time of the slowly time-varying field amplitudes. In particular, φ(r, t) is considered as a slowly varying function on the propagation time scale.
The Hamiltonian of the three-level system in the dipole and rotating wave approximations is
Here σ j mn = |m j n j | are the atomic operators, |n j is the nth state (n = 1, 2, 3) of the jth atom with the energy ω n (ω 1 = 0 < ω 2 < ω 3 ), r j is the position of the jth atom, δ mn is a frequency shift of the TEM mn mode relative to the basic frequency ω s , Ω = d 23 E 0 / is the Rabi frequency of the classical field, g = d 13 ω s /2ε 0 V is the coupling constant between the atoms and the signal field, and d mn is the dipole moment of the transition between the states |m and |n , which is supposed to be real.
We follow the Heisenberg-Langevin approach, which is typically used for studying Raman memories and particularly their cavity models (see, e.g., [31] , and references therein). In the Heisenberg picture, we define the following slowly varying atomic operators:
12 e i(ωs−ωc)t−i(ks−kc)·rj , and cavity mode amplitudes E mn = a mn e i(ωs+δmn)t . The corresponding input (output) field amplitude matched to the mn-th transverse mode is defined in a similar way and denoted as E in mn (E out mn ). The input-output relations (boundary conditions) for the single-ended cavity read [32, 33] 
where 2κ mn is the cavity decay rate. Assuming that all the population is initially in the ground state and taking into account that the signal field is weak, we obtain the following Heisenberg-Langevin equations:
Here γ P and γ S are the rates of dephasing, which in a general case include both homogeneous and inhomogeneous broadening of the resonant transitions, ∆ = ω 3 − ω s is a one-photon detuning, and ∆ S = ω 2 + ω c − ω s is a twophoton detuning. The Langevin noise atomic operators are not included since they make no contribution to normally ordered expectation values when almost all atoms remain in the ground state. In the Raman limit, when the single-photon detuning is sufficiently large, adiabatically eliminating P j in Eqs. (15)- (17) , and going to the collective atomic operators
where n(r) is the atomic number density, we obtaiṅ
Here In what follows, we take the atomic number density to be constant in space so that
The standard figures of merit that describe quantum storage are total efficiency η and fidelity F . The first is defined as
considering that the storage process terminates at the moment t = 0, while the retrieval process begins at this moment of time. The fidelity may be defined as
is the correlation between the input and output pulse envelopes, andt is the delay that maximizes F ′ . The presence of time-dependent phase φ(r, t) in the coupling coefficients (22) leads, in a general case, to the cross-talk between different transverse modes of the field and atomic coherence, thereby reducing efficiency and fidelity of the multimode storage. In Sec. III we discuss the conditions for making this cross talk negligible and parallel storage of a number of transverse modes possible.
III. STORAGE AND RETRIEVAL OF MULTIMODE SINGLE-PHOTON STATES
Let the control field propagate at some angle θ 0 to the signal field, i.e.,k c = (k c sin θ 0 , 0, k c cos θ 0 ), and its wave vector is rotated within a small angle ∆θ during the interval T with a constant angular rate, so that q(t) = (k c cos θ 0 , 0, −k c sin θ 0 ) ∆θ T t. To be more specific, we consider Hermite-Gaussian modes and assume, for simplicity, that the origin of the z axis coincides with the beam waist. Then
is the waist size. In addition, we suppose that the sample length L z is smaller than the confocal parameter 2z R so that w(z) ≈ w 0 and arctan(z/z R ) ≈ z/z R within the sample. Under such conditions,
The time interval δ corresponds to switching between two orthogonal longitudinal spin modes (with z components of wave vectors 2πp/L z , p ∈ Z relative to k s −k c ), which happens once the angle of rotation exceeds the effective diffraction angle λ c /(L z sin θ 0 ). Since L z ≤ L, the interval between wave vectors of the spin modes 2π/L z may be larger than that of the cavity modes 2π/L. Therefore, switching between the spin modes needs the index p to be changed on the value L/L z , which is greater than 1. The spatial multimode storage is possible provided that switching between the longitudinal spin modes occurs much faster than the cross talk between transverse modes, i.e., when q x (t)x remains small within the rotation time T . For small values of q x (t)x, when e −iqx(t)x ≈ 1 − iq x (t)x, we have
where α + (t) = qx(t)w0 2 √ m + 1 and α − (t) =
Otherwise, integration in Eq. (32) yields an oscillating function that decays in time. The decay time decreases with increasing cos θ 0 , and once it approaches T , the storage efficiency and fidelity are reduced. According to Eq. (34), small angles between the control field and signal field beams are only possible for pencil-like geometries, when L z ≫ w 0 , and for low order modes. Under the condition (34), the coupling coefficient (30) is approximated by
and Eqs. (20) and (21) take the forṁ
Thus at different moments of time the signal field effectively interacts with spin waves having different longitudinal components of wave vectors. The switching of the collective atomic-field interaction from one spin wave to another by a rotated control field is possible in an extended resonant medium due to a phase matching condition. As a result, absorption and emission of the field is accomplished through reversible mapping of its amplitude into a superposition of the spin waves forming coherence spatial grating. On the other hand, as was shown in [20] , the off-resonant Raman interaction with a rotated transverse control field is mathematically equivalent to GEM. The latter provides the physics of the proposed scheme in the frequency domain. According to Eqs. (36) and (37), different transverse modes evolve independently of each other, and following [18] , we can solve these equations analytically. Let the atomic system interact with the quantum field during the time interval [−T, 0] with the initial condition S mnp (−T ) = 0, ∀m, n, p. We are interested in parallel storage and retrieval of single-photon wave packets that correspond to different transverse modes and have duration δ p smaller than T , but larger than δ. Assuming that the cavity field E mn varies slowly during δ, and γ R , δ mn ≪ δ −1 , by the end of the storage process from Eqs. (36) and (37) we derive
is the rate of the cavity-assisted collective atomic transition. Equation (38) describes the mapping of an input single-photon wave packet corresponding to the TEM mn mode into a superposition of collective excitations (spin waves) with different longitudinal components of wave vectors. It is valid provided that Γ + κ mn is much greater than the bandwidth of the input field (see [18] for details), which corresponds to the bad-cavity limit. To what extent the value Γ + κ mn may be reduced with respect to the pulse bandwidth is discussed below in this section.
Retrieval is achieved by off-resonant interaction of the atomic system with the control field when the values of k c (t) that are used for storage are scanned again. Let the control field be applied during the time interval [0, T ], when E in mn (t) = 0, and the direction of its rotation is reversed. In this case, by solving Eq. (37) with the initial condition (38) , and using Eq. (14), we obtain
The output field becomes a time-reversed replica of the input field provided that the duration of the signal pulse is much smaller than the decay time 1/γ R , and the efficiency of the storage followed by retrieval is maximum under impedance-matching condition κ mn = Γ [34, 35] . Thus the less the dispersion of the cavity decay rates κ mn , the less the distortion of the retrieved spatial multimode state. In fact, we need diffraction losses to be smaller than those through the partially transmitting mirror. Another important condition for effective multimode storage and retrieval, which was used in obtaining (40) , is δ mn δ ≪ 1. The time interval δ in the present scheme plays the same role as reversal inhomogeneous linewidth in photon-echo-based schemes, and in order to effectively store and reconstruct the input pulse, we need the absorption bandwidth to be larger than the input spectrum. Since the latter is determined by both pulse shape and its frequency detuning, not only the amplitude E mn , but also the phase factor e iδmnt should be smooth with respect to δ. These features are illustrated in Fig. 2 . According to the numerical solutions of Eqs. (36) and (37), a Gaussian pulse with a duration δ p (full width at half maximum) as short as δ or frequency detuning as large as 0.6/δ can be stored and recalled with the efficiency 0.99. It means that spatial multimode states corresponding to some spectral range of transverse cavity modes can effectively be stored if their duration is shorter than the reversal spectral range of the involved modes. Taking T = 5δ, we find that the minimum angle of the control-field rotation needed for storage of a single pulse with near 100% efficiency is five times larger than the diffraction angle λ c /(L z sin θ 0 ). This value is the minimum resolvable spot number which should be provided by a beam deflector during the angular scanning. Figure 3 illustrates the total efficiency of quantum storage as a function of the cavity decay rate κ mn for different values of the pulse duration δ p . The maximum efficiency is achieved at some optimal ratio between the switching time δ and the cavity decay rate κ mn , namely when κ mn δ ≈ 5 for δ p ≥ 2δ. The efficiency gradually (rapidly) decreases when κ mn becomes higher (smaller) than the optimal value, and becomes less sensitive to κ mn with increasing pulse duration. Since the reversal switching time δ is equivalent to the inhomogeneous linewidth of the atomic transition, this optimal ratio is equivalent to the spectral matching condition discussed in [35] .
It should be noted that, as in the case of refractive index control [18] , a single-photon wave packet may be reconstructed without time reversal if k c (t) is rotated during retrieval in the same direction as during storage. In this case we obtain
which means that temporal shape of the pulse is not deformed by the dephasing process. Finally, let us estimate the number of transverse modes which can be stored and recalled simultaneously and the number of pulses which can be stored in a sequence. As was mentioned above, for effective multimode storage the diffraction losses should be much smaller than those through the partially transmitting mirror. In addition, small frequency intervals δ mn between the transverse modes are preferable. To be more precise, according to the results of numerical simulations presented above, high storage efficiency is achieved provided that δ mn ≪ δ −1 ≪ 2κ mn , which means that the cavity modes may be nondegenerate but should be nonresolvable in the frequency domain. From this point of view, confocal cavities seem to be the optimal ones. In this case, the diffraction losses per round trip can be estimated by [36] 
and N F = A/(λL) is the cavity Fresnel number. If we take the mirror transmittance of 0.1%, thereby requiring α mn 10 −4 , and N F = 10, then the maximum value of the transverse indexes proves to be about 30, and the total number of accessible transverse modes approaches 10 3 . Storage of such a multimode transverse field can be combined with that of the multimode longitudinal profile, i.e., with storage of a complicated pulse shape or a sequence of pulses. From Eq. (34), taking πw 0 /L z = 0.02, T /δ = 5, and requiring the left-hand side to be an order larger than the right-hand side, for m = 30 we obtain 80
• ≤ θ 0 ≤ 100 • . Such an angular scanning range allows one to store about 100 of the pulses in a sequence, depending on the minimum value of rotation angle per pulse ∼ 5λ c /L z . Thus we can predict a large storage capacity for the proposed memory scheme.
IV. IMPLEMENTATION OF THE SCHEME IN A SOLID-STATE MATERIAL
Quantum storage based on off-resonant Raman interaction has been successfully demonstrated in warm atomic vapors of Rb atoms [5, 28, 37, 38] and Cs atoms [16, 39, 40] . In such media, the broadening of the twophoton spin transition due to the thermal motion of atoms can be minimized by working in collinear geometry (when control and signal fields are copropagating) and by restriction the motion of atoms using a buffer gas. Increasing the angle between the control and signal fields leads to significant residual Doppler broadening. In addition, a small spatial period of coherence grating in the case of non-collinear excitation makes the storage process more sensitive to the diffusion of the atoms. Therefore, an ensemble of cold atoms trapped in an optical lattice or impurity atoms in a solid-state material seem to be the most promising storage media for the present memory scheme. In this section, we discuss the possibility of implementation of the proposed scheme in solids.
One promising candidate-an ensemble of defect centers in diamond such as nitrogen-vacancy centers-was discussed already in [20] . Here we focus on materials with much weaker optical transitions, namely, crystals doped by rare-earth ions, thereby making use of the advantages of cavity-assisted interactions.
As an example, we consider low-strain crystals ions present a hyperfine structure due to 167 Er 3+ isotope, which allows one to identify Λ-type level structures for storage [44] . These features make such crystals very promising for implementation of the cavityassisted Raman scheme. For the electronic transition 4 I 15/2 (1) − 4 I 13/2 (1) (λ = 1530 nm), we have oscillator strength f = 2 × 10 −7 [43] . Then, taking concentration of impurities 7 × 10 17 cm −3 (0.005 at.%) and assuming that the atomic system fills the cavity, we obtain g 2 N = 5 × 10 19 s −2 . The impedance-matching condition κ = Γ may be achieved, e.g., with the following values of parameters: κ = 10 8 s −1 , δ = 2 × 10 −7 s, and (Ω/∆) 2 = 2 × 10 −5 . For ∆/2π = 100 MHz we need Ω/2π = 4.5 × 10 5 Hz, which corresponds to the intensity of the control field ∼ 65 W/cm 2 . Considering a standing-wave cavity, we can take L z = 2.5 mm, and a control-field beam of 2.5 mm diameter. Then we need the transmittance of the output cavity mirror of 0.5%, and the control-field power about 1.6 W. Such a regime can be realized with commercial cw fiber lasers. Regarding the control-field angular scanning, typical resolvable spot numbers of 13 [45] [46] [47] are achievable at the deflection period of 61.5 ps [46] with electro-optic laser beam deflectors.
V. CONCLUSION
It is shown that spatial multimode single-photon wave packets can be stored and recalled in a resonant threelevel medium placed in a cavity by means of continuous phase-matching control. The proposed scheme generalizes those developed previously in [18, 20] . In order to reversibly map a spatial multimode state into a Raman coherence grating, it is necessary to rotate the wave vector of the control field so that wave vectors of the spin coherence can be of different longitudinal components with respect to the paraxial signal field. We show that the suggested cavity-assisted scheme may be implemented not only in gases, which are currently used for the Raman memory, but also in solid-state materials. The control-field angular scanning, which is used for controlling phase-matching, allows one to store and recall a sequence of weak optical pulses with a multimode transverse field, thereby providing a large storage capacity.
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